Sensor Fusion and Bang-Bang Control
with Nonholonomic Constraints*

Douglas LYON**

A bang-bang control law is used to provide guidance for a car’s steering system.
The control law uses a proportional plus derivative error function which operates on
the output of an observer and is suitable for embedded control of a car. The observer
fuses sensor data from sensors whose reliability is inversely related to their availabil-
ity. An erroneous plant model is present and is subject to nonholonomic and kinematic
constraints. The sensors measure the plant with 259 systematic error at 100 hertz.
Internal sensors are sampled at 20 hertz and have 109 error. External sensors are
sampled at 5 hertz and have no error. The observer performs dead reckoning during
the intervals of time when the external sensors are not available. There are two
internal sensors, an odometer and a steering-wheel angle meter. The odometer is used
to compute a linear approximation to the speed of the plant. The steering-wheel angle
meter measures the steering-wheel deflection relative to the longitudinal centerline of
the plant. There are three external sensors which are used to measure the pose of the
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1. Introduction

The problem is to automate sensor fusion and to
control a car such that it will track a reference path.
We assume that the car has sensors, effectors and
sufficient on-board computing power to run a tracking
program in real time.

We assume that systematic error is a worst-case
error. We also assume that there are two kinds of
sensors, internal and external, and that these sensors
have an availability which is inversely related to their
reliability. The sensor’s sample rates are known.

We assume that the car steers with its front wheel
and that it has known limits on turning radius and
steering acceleration. It is assumed that the front of
the car follows the front wheel without slip, and so the
car is subject to nonholonomic constraints. We
assume that the rear wheel remains parallel with the
main axis of the car. The objective is to get the rear
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of the car to track a reference path. We do not model
the differential coupling in the drive train or the width
of the car.

The problem is: given a car with discrete sensor
feedback, and modeling error in steering inertia, sub-
ject to nonholonomic and kinematic constraints (cur-
vature and acceleration), develop a program that is
able to track a reference path.

The problem of sensor fusion using nonholonomic
constraints has significant implications for factory-
floor motion planning. For example, the use of
automated vehicles for moving parts is becoming
common. These vehicles follow predefined paths that
are inflexible. In addition autonomous-motion plan-
ning is a requirement of vehicles which cannot be
operated remotely, as happens over great distances
(i.e., a planetary rover). Reference path tracking
with nonholonomic constraints can also be a product
for automating the parallel parking of a car®.

2. Open-Loop Control

Open-loop control establishes upper and lower
bounds on controller performance by modeling an
observer with and without plant-model error. Figure
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Fig. 1 Open-loop control. The observer uses controller-
input to estimate plant states. The controller uses
the plant-state estimate to formulate input.

1 shows an overview of an open-loop system with
three main parts: the controller, observer and plant.
We assume that the plant model has error.

The controller uses the plant-state estimation
produced by the observer to determine the control
signals. These signals are applied to the plant model
and the plant. Error in the plant model will cause a
reaction to the control signals which is different from
the plant’s reaction. This is open-loop control
because there are no sensors between the plant and
the observer. The observer will perform sensor fusion
to update the plant model in the closed-loop control
regime of Section 3. The difference between closed-
loop and open-loop control is the presence of sensor
feedback between the plant and the observer, other-
wise the control regimes are identical.

2.1 Nonholonomic constraints and the reference
path

The open-loop controller models the steering
system as having rotational inertia and alters steering
acceleration to control steering-wheel angle. Let
(z, ) be the position of the front of the plant model,
(zr, yr) be the position of the rear of the plant model,
s be the length of the path traveled by the plant model,
@ be the plant-model orientation, angle formed by the
main axis of the plant with the X -axis of a Cartesian
coordinate frame aligned with the curb, ¢ be the
steering-wheel angle relative to the longitudinal
centerline of the plant model and L be the length of
the plant and the plant model.

The temporal differential equations which make

up the nonholonomic constraints are
dr _ ds

g gr cos (6+¢) (1)
%Z%sin(eﬂs) \ (2)
46 _ ds sin¢

d—dt L (3)

For a proof see (2). The car pose (z, v, ) and
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Fig. 2 Car notation. The front of the car follows the
front wheel and this causes the nonholonomic
constraints.

steering-wheel angle (#) are shown in Fig. 2.

While the reference path may take on any form,
in this particular case we shall use a curvature con-
strained fifth-order polynomial

et N Lol Zr Y _qp( 2\ <L)3]
yS(xr)—yg[G( T ) 15( o > +10 o (4)
whose cusvature is

3 2
k5(xr)=ye<120%—180§—2+60 ‘;3 )

x[1+y§<30%*60%§+30‘;—§>1 (s
For a proof see (3).
2.2 Bang-bang control with nonholonomic con-
straints

This section examines the plant model and con-
troller. The goal is to formulate a control law which
enables the car to track the curvature of the reference
path. The controller specifies angular acceleration to
the steering system. The reference path’s curvature is
a function of xr. This, in turn, is a function of x and
f. These state-variables are subject to the non-
holonomic constraints of (1), (2) and (3). Let the
reference path’s curvature be denoted by £5. Curva-
ture is a function of the rear-component of the X-
coordinate of the car. The relationship between the
front and rear coordinates is given in

xr=x—L cos 0

yr=y—Lsin g
The bang-bang control law is given by

a¢:{d¢max for e<.0 (7)

—asmax oOtherwise

(6)

where

as=50rad/s’ (8)
The decision variable, e, is an error signal computed
by

+ag[ef e5+a(%—‘%§)] (9)

where

The mix ratio between the proportional and
derivative control must be found by experiment. The
values
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Fig. 3 Proportional plus derivative controller

as=2 and @=0.05
gave good results.
The reference steering-wheel angle of the car is

(10)

¢5=arctan (k5L) (11)
and reference orientation is
do5 _ ds sin (¢5)
dt  dt L (12)

3. Closed-Lbop Control

This section summarizes an investigation into
closed-loop control, and this is compared with the
open-loop control of Section 2. Closed-loop control
improves performance by using sensor feedback to
improve the observer’s plant-state estimates.

Section 3.1 provides an overview of the closed-
loop system. Section 3. 2 covers internal and external
sensors with a justification for sensors whose reliabil-
ity is inversely related to availability. Section 3.3
summarizes closed-loop bang-bang control for 2-D
motion using internal and external sensors.

3.1 System overview

Sensor feedback is used by the observer to com-
pensate for the error in the plant model. Figure 4
shows an overview of a closed-loop system with three
main parts: a controller, an observer and a plant.

The observer uses a plant model and sensor
measurements to estimate the state of the plant. The
process that the observer uses to incorporate measure-
ments from different sensors is called semsor fusion.
There are two classes of sensors to be fused, internal
and external. Their reliahility is inversely related to
their availability. External sensors are more accurate
than internal sensors and dominate the internal sen-
sors when they are available.

Internal sensors measure the plant state relative
to itself. An odometer is an example of an internal
sensor which measures the distance a car travels by
measuring tire motion. Since tires slip, the odometer
will have some error. We also assume that internal
sensors have a 20 hertz sampling rate. Candidate
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Fig. 4 Closed-loop control. The observer uses the plant
model driven by the controller commands to esti-
mate plant states. The controller uses the plant-
state estimates to generate commands. Sensor
feedback is used to correct the observer’s esti-
mate.

internal sensors are : the accelerometer, the tachome-
ter and the odometer. These sensors give equivalent
data. Equivalent data means that data provided by
any one of the sensors may be transformed into data
provided by any of the others.

External sensors measure the plant state relative
to the environment. A Sonar sensor is an example of
an external sensor. We assume that external sensors
have a 5 hertz sampling rate.

3.2 Sensor fusion

In this section we describe a technique for fusing
the information from the internal and external sen-
sors using the nonholonomic constraints on orienta-
tion. A block diagram is shown in Fig. 4.

This section summarizes a study of 2-D control
using the fifth-order polynomial to generate a refer-
ence path. Bang-bang control is used to adjust the
acceleration and the steering-wheel angle of the car.
Nonholonomic constraints are used by the observer to
compute pose (position and orientation).

We compare open-loop control against several
closed-loop control regimes. These regimes differ in
the sensor data provided to the observer. Open-loop
control is based on a plant-model with error and does
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not use sensors. The closed-loop control regimes are
based on internal sensors (dead reckoning), external
sensors and a combination of both. As a basis for
comparison we also show control based on error-free
sensing of the plant states. This provides a best-case
limit on the parking performance and can be compér—
ed with open-loop control (which provides a worst-
case limit on parking performance).

External sensors are sampled without error at 5
hertz and internal sensors are sampled with 1094 error
at 20 hertz. The plant-model is used between sensor
readings and is always available to the controller.
The plant-model has 25% steering and linear acceler-
ation error. Sensors compensate for the error in the
plant-model, improving performance.

We add sensors for steering-wheel angle and car-
orientation to enable 2-D dead-reckoning. It is
assumed that we are able to sense the steering-wheel
angle (¢») and the odometer (s») with 10% error and
with 20 hertz sampling. The sensors consistently
under-report the true magnitude of the sensed vari-
ables.

The reference steering-wheel angle is a function
of the fifth-order polynomial’s curvature (as shown in
Section 2). The controller is able to change the
steering-wheel angle by banging on the steering sys-
tem. The control law described in Section 2 uses
values measured by the internal sensors. These are
multiplied by 0.90 to model the 109§ measurement
errors of the internal sensors.

We use ultrasonic ranging for pose (position and
orientation). We assume that the external sensors are
able to sample at a rate of five hertz and that they
have no error. During the intervals in which external
sensors are not available, the plant-model is updated
by the internal sensors. It will be shown that fusion
with external sensors is not much better than fusion
with internal sensors and that fusion with both inter-
nal and external sensors is better than fusion with
either one alone.

The plant model has a 259 error in linear and
steering acceleration. The observer fuses the internal
and external sensors to reduce the plant-model error.
The plant steering-wheel angle is measured directly
at 20 hertz with 109§ error. This is used to improve
the observer’s estimate of the steering-wheel angle.
External sensors cannot help improve the observer’s
estimation of the steering-wheel angle because the
change in the plant’s pose lags behind the change in
the steering-wheel angle. Car orientation is directly
measured by an external sensor, without error, and is
used to update the observer’s estimate.

During the intervals of time when the externally
sensed plant orientation is not ‘available, the observer
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Fig. 5 Internal and external sensors used by the observer.
Internal sensors are sampled at 20 hertz and have
109 error while external sensors are sampled at 5
hertz and have no error.
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Fig. 6 The Observer’s use of the external orientation
sensor. The plant’s orientation (6,) is sampled
accurately at 5 hertz by the orientation sensor
whose output is denoted fps. In between sensor
samples the observer uses (13) to compute an
estimate of the plant’s orientation ().

uses the nonholonomic constraints on orientation to
incorporate the internally sensed estimate of the steer-
ing-wheel angle with the fused estimate of speed.
Thus
%z‘fi—;ismé"s) 13)
is the rate of change of orientation computed by
fusing information from internal sensors. Orientation
is obtain via numeric integration of (13) and exhibits
cumulative error which is corrected by the external
orientation sensor. This is shown in Fig. 6.
Similarly, reference orientation is computed using
dgtS :c(z% smgﬁS) (14)
Finally, the difference signals used to compute
when to bang on the steering combine (13) and (14)
which results in
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This control law is just like that of Section 2,
except for the introduction of the sensor feedback for
improving the plant-state estimates.

The fused estimate of speed is the result of
numerically differentiating the odometer reading at 20
hertz to obtain a tachometer reading with error,
adjusted by the derivative of the positional change
using the external sensors. The observer’s estimate of
the speed of the plant diverges from the plant’s true
speed. This is due to the 109 odometry error which
is used to computer the plant’s speed during the inter-
val when external sensors are unavailable. The
odometry-based speed estimation is independent of
the steering wheel angle estimation in the non-
holonomic constraints.

3.3 Simulation results

In this section we compare the open-loop control
results with the closed-loop control results. Figure 7
shows a comparison of control regimes. Since there is
no single objective function to optimize, several plant
states and observer estimates are shown. The
observer estimates are shown in order to establish
that the controller is performing optimally given the
observer’s information. As the information to the
observer improves, so does its plant-state estimation
and the resulting controller performance.

In the open-loop control with error in the plant
model, we established the worst-case bound on con-
troller performance. Open-loop control is based on a
plant-model with error and does not use sensors. This
was discussed in Section 4 where engine and steering
acceleration were underestimated by 25%. The over-
shoot of the plant, when the speed is zero, is a useful
criterion and is 3.76 m—2.41m=1.35m. ' Better
observer estimates reduce this overshoot.

The error-free sensing of the plant, with 25%
error in the plant model, sets a lower best-case perfor-
mance bound for closed-loop control. Sensors are
error-free and running at the simulator rate of 100
hertz. Without using an adaptive reference model,
and with no a priori knowledge of the plant-model
error, this must be the best performance that we can
expect from any sensor-fusion scheme. The over-
shoot using this scheme is 2.77 m—2.41 m=0.36 m.

The closed-loop plant with internal sensors has
25% error in the plant-model and 109§ error in the
internal sensors. Also, the internal sensors sample at
20 hertz. The overshoot of the plant position when the
speed is zero is 3.27 m—2.41 m=0.86 m.

The closed-loop plant with external sensors has
25% error in the plant4model and no error in the
external sensors. Also, the external sensors sample at
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Fig. 7 Comparison of control regimes. The open-loop
plant shows the worst-case response with 1.35 m
overshoot. The error-free sensing of the plant,
with 2594 error in the plant model, sets a best-case
performance bound for closed-loop control with 0.
36 m overshoot. The 2-D closed-loop plant with
internal sensors has a 0.86 m overshoot. The
closed-loop plant with external sensors has a 0.80
m overshoot. The closed-loop plant with internal
and external sensors has a 0.75 m overshoot.

5 hertz. The overshoot of the plant position when the
speed is zero is 3.21 m—2.41 m=0.80 m.

The closed-loop plant with internal and external
sensors has 259 error in the plant-model. There is no
error in the external sensors, which sample at 5 hertz.
There is 109§ error in the internal sensors which
sample at 20 hertz. The overshoot of the plant posi-
tion when the speed is zero is 3.16 m—2.41 m=0.75 m.

In the closed-loop plant with internal and exter-
nal sensors, the performance after a single maneuver
is slightly better than using internal sensors alone. An
examination of the plant’s position when the speed is
zero shows that the fusion of external sensors with
internal sensors will reduce overshoot by 0.11 meters,
for a single maneuver. It is also seen that internal
sensors reduce the single-maneuver
obtained from open-loop control by 0.49 meter.

overshoot
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Fig. 8 Multiple-maneuvers and 2-D control regimes. In cases show the position of the front (z_p, y_p) and rear (z7_p,
yr_p) of the plant sampled at uniform time intervals. The data tends to bunch up at the maneuver end-points
where the plant is moving slowly. All Units are in Meters. ‘

Closédfloop sensor fusion reduced single-maneuver
overshoot by 0.60 meters over the open-loop case.

If the orientation is non-zero at the maneuver
end-point, the controller will bang on the steering in
an attempt to correct the orientation. The plant is
moving slowly at the maneuver end—point and steering
changes have less effect on the plant’s orientation.
Even if the orientation is zero, the steering-wheel of
the plant never stays at zero. This is due to steering
reversals after every three bangs. The three bangs
last three hundredths of a second, each of which turn
the front wheel by (1/2)50 radians/s?+(0.03)>=0.0225
radians (when the steering velocity is zero at the time
of the bang). This delay is due to the two integrators
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needed to numerically compute the steering-wheel
angle from the applied steering acceleration and to
the delay in the controller’s decision to bang. The
controller’s decision to bang is delayed by a simulator
time interval (0.01 seconds) because of the next-state
equations used in the simulation.

Figure 8 shows several 2-D control regimes run-
ning in simulation over a twenty second interval.
Note that the open-loop control with acceleration
error has so much overshoot that the scale of Fig. 8
(a) had to be altered. In addition, Fig.8(a) shows
an upper-bound on parking performance. Figure 8
(c) shows that error-free sensing does lead to a
deflection smaller than the closed-loop sensor fusion

JSME International Journal



shown in Fig. 8(f). The reason is that the rate at
which the plant proceeds along the Y -axis is a qua-
dratic function of the available maneuver room. Since
the sensor fusion case takes more room to maneuver
(due to overshoot), it is able to proceed into the space
faster.

In Fig.8(a), there is no error in the maneuver
and so none accumulates. However, in Fig. 8(b), the
error accumulates and must be reduced with sensor
feedback. Either external or internal sensor feedback
will keep the error from accumulating.

Several experiments were performed to deter-
mine the effect of modeling error in the 109% to 25%
range on the overshoot, average steering-wheel angle
and car-orientation errors. It was found that the
change in the average steering-wheel and car-orienta-
tion error was a few thousandths of a radian and that
the overshoot is increased from 3.16 meters to 3.46
meters for a PSL-L (Parking Space Length-Length
of a car) of 2.4 meters, as modeling error varies from
109 to 25%.

4. Discussion and Conclusion

We have studied a new approach to parallel
parking a car. We have seen that multiple maneuvers
made possible by using proportional plus derivative
control, and have used the nonholonomic constraints
to assist in the estimation of plant-states.

Modeling sensors, whose reliability is inversely
related to availahility, led to the development of a new
sensor—fusion technique. This technique can perform
sensor fusion using sensors with systematic error, is
computationally simple enough for an embedded con-
troller, and requires no statistical assumptions.

The technique was formulated under the premise
that the plant-model error is greater than the internal-
sensor error and that the internal-sensor error is
greater than the external-sensor error. The external
sensor overrides the internal sensors, which are reset
each time that an external sensor reading is received.

The observer fuses data from the plant-model
and sensors by using the most recent sensor measure-
ments to correct the plant-model’s error. This results
in the observer using the plant model like a non-
holonomically constrained sample-and-hold.

Our sensor fusion technique reduced the amount
of overshoot over using either internal or external
sensors alone. Proportional plus derivative control
gave us the ability to track a fifth-order polynomial,
despite bang-bang control constraints and an incom-
plete knowledge about the steering performance of
the model. ,

The idea for using a reference path for the car to
track is not new and there are other curves which are
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better if the parking criterion is not used. For exam-
ple, the cubic spiral is a smoother path than the fifth-
order polynomial®. The drawback of this curve is
that it has non-zero curvature at the maneuver end-
points. The advantage is that the curve is the smooth-
est path for autonomous vehicles and this will mini-
mize the jerk exerted on passengers.

The work on configuration-space search® pro-
vided a theoretical basis for the nonholonomic con-
straints used in this paper. The draw-back of
configuration-space search is that it requires consider-
able computational resource. With the introduction of
a simple parking criterion, the selection of a path
becomes a computationally tractable problem. This
approach to reference path generation eliminates
the heavy computational machinery needed for
configuration—-space search.

The advantage of using a parking criterion goes
beyond the elimination of heavy computational
machinery. For example, fuzzy control and neural
network control run the risk of being suboptimal with
respect to the parking criterion. With these
approaches, the operator’s skill becomes the limiting
factor. In addition, the use of the parking criterion
has led to fore-knowledge of the time it will take to
park. This information is not available with the fuzzy
or neural network control approaches. Literature
shows that the neural-network approach requires
thousands of training sessions and this is not needed
with the approach used in this paper®.,

This is the first work known to the author to
combine nonholonomic constraints and procedural
knowledge to perform sensor-fusion. It should be
noted, however, that the idea of sensor fusion in the
robotic vehicle is not new‘, but the assumption of
systematic error and sensor fusion with sensors whose
reliability is inversely related to their availability is
novel.

Literature reveals that the fuzzy controller based
maneuvers can result in collision when faced with
modeling errors®. With the approach used in this
paper, collision is eliminated (given an a priori knowl-
edge of maximum modeling and sensor error).

‘When braking performance is overestimated, it is
impossible to completely eliminate overshoot and so
we require a buffer zone around the car. For the 2.4
meter maneuver, the plant overshot by 0.8 meters,
assuming 25% acceleration and deceleration error.

Each experiment varied a single parameter and
several results of interest were found. For example,
the plant appeared to be stable with steering accelera-
tions of 25 radians/s?. The bang-bang acceleration on
the steering produced a finite number of resulting
steering-wheel angles (8 for 50 radians/s? and 14 for
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25 radians/s?). This is due to small oscillation of the
path about the reference curve, which results in steer-
ing reversals after every few bangs. The bangs vary
from three to five hundredths of a second, each of
which turn the steering wheel by (1/2)-25 radians/s?-
0.05=0.031 25 radians (if the steering velocity were
zero at the time of the bang). If steering bangs lasted
longer, the steering wheel of the test vehicle could be
turned from one steering extreme to the other in
about three tenths of a second. We have also found
that reduction of steering acceleration can cause
tracking overshoot which results in an increase in the
maximum steering speed. Bang-bang control of a car
is not new and is cited as a method for moving a car
in minimum time!®. However, bang-bang control on
the steering system of a car is novel and so there is no
literature available with which we may compare our
simulation results.

Proportional plus derivative control is well estab-
lished®® and when the reference curve is known a
priori such control is not optimal with respect to
tracking error’®, However, when the steering system
is subject to bang-bang control, proportional plus
derivative control was the simplest control law to
work with reasonable tracking error.

The stability of a class of non-linear steered
systems is discussed for ship models in Ref.(12). The
question of how to apply stability analysis to bang-
bang control laws on systems with nonholonomic
constraints remains open.
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