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Final Exam Review

WAVES
(Steiglitz chapters 1&2)

Principle 1:  Sound is vibrations in air, 

following same math as string under tension, namely

Principle 2:  The wave equation expresses all behavior of sound 

Local acceleration of particles is proportional to local tension gradient



- Newton’s second law of motion:  f = m * a    



(heavier weights respond more sluggishly to same force)

See S.p21 (S.p21 means Steiglitz page 21)



- Spring model of displacement:  f = k * y



(the restoring force is proportional to displacement)



- the above two principles lead to a simple differential equation




“The wave equation” p24 Steiglitz
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  where     c2  ~  pressure/mass

Principle 3: The only solutions of the wave equation are sines and cosines


and solutions are additive, arbitrarily superimposable, i.e., 

- ALL SOUNDS CAN BE REPRESENTED AS SUMS OF SINES AND COSINES

- WAVE EQUATION IMPLIES THE SPEED OF SOUND IS FIXED 

S.p25:  2nd derivatives prove fixed speed, namely
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-  In air at sea level, About 1000 feet/second , 760 mph.

- Such waves can move forwards or backwards.  (S.p25)

THE REPRESENTATION OF SOUNDS BY SUMS OF SINES AND COSINES, KNOWN AS FOURIER ANALYSIS IS THE FOUNDATION OF SIGNAL PROCESSING !!!!

Sines, Cosines and Complex Numbers
- Waves are described by the following parameters:


- speed


- wavelength


- amplitude


- phase

- For constant speed (any medium), we ignore distance and are concerned only with the time behavior at a point (e.g. a microphone) which reduces parameters to:


T = period


w = frequency (radians)


f = frequency (Hz)


A = amplitude


phi = phase

Important equations relating these parameters:


w = 2 PI/T


f = 2 PI w 

A sinusoid with a phase lag can be represented as sum of sine and cosine without lags:

y = A sin (w t + phi) = A [ sin (w t) cos (phi)  +  sin (w t) cos (phi) ]

 = B sin (w t) + C cos (w t)

where:  B = A cos(phi) ;  C = A sin(phi) 

which implies :  A^2 = B^2 + C^2 
or 
A = sqrt(B^2 + C^2)

so:   tan(phi) = A sin(phi) / A cos(phi) = C/B  whence: phi = arctan(C/B)

SINUSOIDS AND COMPLEX NUMBERS

- In signal processing we deal with signals which are functions of time, f(t).

- Knowing that sound satisfies the wave equation, we know all solutions 


are sums of sines and cosines.

- For a particular frequency we wish to represent the sum of sine+cosine as one


sinusoid (sine with phase) rather than two separate functions.


- Euler’s formula gives us that representation of the pair as a phasor:

p10:   x = r cos(theta),   y = r sin(theta)   


p11: Euler’s formula: exp(j theta) = cos(theta) + j sin(theta)

 (proof by power series)

See: 

http://www.jhu.edu/~signals/phasorapplet2/phasorappletindex.htm
Complex numbers can be geometrically represented as vectors.

Arithmetic on complex numbers corresponds to geometric operation on the vectors.

Addition/subtraction is vector addition/subtraction

Multiplication ADDS angles and MULTIPLIES lengths (Euler)


The real part of the complex number corresponds to the cosine and 


The imaginary part of the complex number corresponds to the sine



x + j y   corresponds to 
cos(theta) + j sin(theta)

DIGITAL SIGNAL PROCESSING
quantized values,  companding

quantized time (discrete samples in time)

Periodic sampled sounds can be represented as sums of harmonics of 1/T .
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The computation of the coefficients ck  is known as the Discrete Fourier Transform or DFT.   (Note that these equations are from Steiglitz.  Lyon puts the 1/N in front of the second equation, but the results are equivalent).  

Spectrum means a listing of the these coefficients in frequency order.  A power spectrum of a signal is the magnitudes of the ck’s squared.  Note that the DFT coefficients are in general complex numbers, where the sine-cosine parts relate via phase phi.    

The Fast Fourier Transform (FFT) is a DFT with the operations above rearranged for efficient computation.  The ck ‘s are identical in both cases. 

Filters - amplify or diminish selected ranges of frequencies, e.g. low pitch (base) , high pitch, (treble), i.e. they modify the spectrum of a signal.

TIME DOMAIN:  N samples equally spaced over one period, T.

  x      x       x                                 x    
(values of signal at time t)

   0,     1,      2,   .  .  .  .                   N-1

   |____|____|____|____|____|____|

      Ts
  Ts  
Ts



       T

T
= 
duration of signal T (the length of one complete period)

N
=
number of samples in the interval T

Ts = T/N =
time per sample (sampling interval)

-
-
-
-
-
-
-
-
-
-
-
-

FREQUENCY DOMAIN:  N frequencies of the constituent sinusoids.






! Nyquist






|

 c                 c                 c                                                  c
(coefficients of sinusoids)

   0,               1,                2,   .  .  .  .                                                          N-1

   |_________|_________|___. . .  __|_________|_________|_________|

           
 1/T  

        









     

   f0
         f1

    f2 

fN/2


f -2
   f -1  (   = f N-1 ) 

f1 =  1/T   = 
fundamental frequency of Fourier transform = frequency increment 

fs = 1/Ts  =  N/T = sampling frequency

fk =  k/T = k fs /N  = harmonic frequencies   f0 ,  f1 , f2 , f3   . . . fN-1 
Note symmetry and wraparound:   fN-k =  f -k   and  f k  =   f k+hN ,   (h = 0, +/-1, +/-2 ....)
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